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$pj=-i\nabla_{x_{j}}$ $j$ $mj\geq 0$ $j$
$*$






$H^{v}(\kappa) :=H_{p}^{V}\otimes I+\kappa^{2}I\otimes H_{f}+\kappa H_{l}$ (2)
$\mathcal{H}=L^{2}(\mathbb{R}^{dN})\otimes \mathcal{F}(L^{2}(\mathbb{R}^{d}))$
$\mathcal{F}(L^{2}(\mathbb{R}^{d}))=\oplus_{n=0^{\otimes_{S}L^{2}(\mathbb{R}^{d})}}^{\infty n}$ $L^{2}(\mathbb{R}^{d})$ $K>0$
(2) $H_{f}$
$a^{*}(k),a(k)$ $\ovalbox{\tt\small REJECT}_{d}|k|a^{*}(k)a(k)dk$
$H_{l}= \sum_{j=1}^{N}\alpha\int_{\mathbb{R}^{dN}}^{\oplus}\phi_{j}(x_{j})dX, (dX=dx_{1}\cdots dx_{N})$ (3)
$\phi_{j}(X)=\frac{1}{\sqrt{2}}\int_{\mathbb{R}^{d}}(a^{*}(k)\hat{\lambda}_{J}(-k)e^{-jkx}+a(k)\hat{\lambda}_{j}(k)e^{ikx})dk$ (4)






















$T(K)H^{V}T(\kappa)^{-1}=h_{eff}^{V}\otimes I+K^{2}I\otimes H_{f}+H_{R}(K)$ (7)
$h_{eff}^{V}$ Schr\"odinger
$h_{cff}^{V}= \sum_{j=1}(\Omega_{j}(p_{j})+V(x_{j}))+V_{eff}N$ (8)





















1. $(a)V(x)(-\Delta+1)^{-1/2}$ $V(x)$ $\lim_{|x|arrow\infty}V(x)=0_{0}$
$(b)\sqrt{-\Delta+m_{\min}^{2}}+V$ $m_{\min}= \min_{j}\{m_{j}\}$
$(c)\sqrt{-\Delta}+NV$













































$\sigma>0$ $L^{2}(\mathbb{R}^{d})\cong$ $\sigma\oplus \mathcal{K}\underline{<}\sigma$
$\mathcal{K}_{>\sigma}=L^{2}(\{k\in \mathbb{R}^{d}||k|>\sigma\})$ $\mathcal{F}(L^{2}(\mathbb{R}^{d}))$
$\mathcal{F}(L^{2}(\mathcal{K}_{>\sigma}))\otimes \mathcal{F}(L^{2}(\mathcal{K}_{\leq\sigma}))$ $L^{2}(\mathbb{R}^{d})\ni f=C\Gamma_{1},f_{2})\in$
$\sigma\oplus \mathcal{K}\underline{<}\sigma$ $f$
$a(f)arrow a(f_{1})\otimes I+I\otimes a(f_{2}) , \Omega\mapsto\Omega\otimes\Omega$ (19)
$\mathcal{H}\cong \mathcal{H}_{>\sigma}\otimes \mathcal{F}(\mathcal{K}_{\leq\sigma})$, (20)
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$\mathcal{H}_{>\sigma}=L^{2}(\mathbb{R}^{dN})\otimes \mathcal{F}(\mathcal{K}_{>\sigma})$ $H^{V}$
$\hat{/}l(k)$ (k) $=\hat{A}(k)1_{|k|>\sigma}$ $H_{\sigma}^{v}$ $H_{\sigma}^{V}$ $H^{V}$
(19)
$H_{\sigma}^{V}\cong H_{\sigma}^{V}\lceil_{\mathcal{H}_{>\sigma}}\otimes 1_{\mathcal{F}(7\zeta_{\leq\sigma})}+1_{H_{\succ tT}}\otimes H_{f}\lceil \mathcal{F}(\mathcal{K}_{\leq\sigma})$ . (21)
$\sigma$
$H_{f}$ 2
$y$ $L^{2}(\mathbb{R}^{d};dy)$ $L^{2}(\mathbb{R}^{d};dk)$ $F$
$\check{\mathcal{K}}_{>\sigma}=\{F^{-1}f\in L^{2}(\mathbb{R}^{d};dy)|f\in \mathcal{K}_{>\sigma}\}$
$\mathcal{K}_{1}$ $\mathcal{K}_{2}$




















$[ \chi_{R}, \Omega_{J}(p_{J})]]+\frac{1}{2}\sum_{j=1}^{N}-R,$ $-R,$ $\Omega_{J}(p_{J})]]$ . (26)
$\chi_{R}$
$dN$
$[ \chi_{R}, \Omega_{j}(p_{j})]=(2\pi)^{-dN/2}\int_{\mathbb{R}^{dN}}\hat{\chi}(K)e^{iK\cdot X/R}(\Omega_{j}(p_{j})-\Omega_{j}(p_{j}-k_{j}/R))dK$, (27)






$j(y)=1$ for $|y|\leq 1,$ $j(y)=0$ for $|y|\geq 2$ (28)
$P>0$ $j_{P}(y)=j(y/P),\overline{j}_{P}(y)=\overline{j(}y/P)$









$U_{P}a^{*}(f)U_{P}^{*}=a^{*}C_{P}f)\otimes I+I\otimes a^{*}(\overline{j}_{P}D,$ (31)
$U_{P}^{*}(a^{*\omega}\otimes I)U_{P}=a^{*}O_{P}f) , U_{P}^{*}(I\otimes a^{*}\omega)U_{P}=a^{*}O_{P}^{-}f)$ (32)
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$||(\check{H}_{f,\sigma}-U_{p}^{*}(\check{H}_{f,\sigma}\otimes I+I\otimes\check{H}_{f,\sigma})U_{P})\Psi\Vert\leq(||[iP, \omega_{\sigma}]\Vert+||[\overline{i}P, \omega\sigma]||)$ $||N$ $||$ , (36)
$N=d\Gamma(I)$ 1
$||[ \check{\omega}_{\sigma},j_{P}]||=\frac{1}{P}(2\pi)^{d/2}\int_{\mathbb{R}^{d}}|j(k)|\cdot|k|dk$ (37)















$\geq\chi_{R}U_{P}^{*}\{E_{\sigma}^{V}\otimes I+I\otimes\check{H}_{f,\sigma}\}U_{P}\chi_{R}+$ $\Sigma$ $+$ \^o(l) (42)
$H_{f,\sigma}$ $\sigma\cross$ $H_{f.\sigma}\geq\sigma(1-P_{\Omega})$
$P_{\Omega}$ $\Omega$
$H_{\sigma}^{V}\geq\phi_{R}^{2}(E_{\sigma}^{v}+\sigma)\Sigma_{\sigma}^{V}$ $+K+$ \^o( $l$ ) (43)
$K=\sigma\chi_{R}U_{P}^{*}(I\otimes P_{\Omega})\otimes\Gamma 0)$ $\chi_{R}$ jp $K$
$\sum_{j_{1}}^{N}\Omega_{J}+\check{H}_{f,\sigma}$ $K$ $\check{H}_{\sigma}^{V}$
\^o(l) $P,R$ $C$ \^o(1) $\geq$ -0(1)$(\check{H}_{\sigma}^{V}+C)$
$(1+0(1))\check{H}_{\sigma}^{V}-E_{\sigma}^{V}+o(1)-K\geq\sigma\chi_{R}^{2}+(\Sigma_{\sigma}^{V}-E_{\sigma}^{v})$ $\geq\min\{\sigma,\Sigma_{\sigma}^{V}-E_{\sigma}^{V}\}$ (44)
$K$ $\check{H}_{\sigma}^{V}$ $R$

















$V_{eff}( \beta)=-\frac{\alpha^{2}}{2}\sum_{i,j\in\beta(i\neq j)}\int_{\mathbb{R}^{d}}\frac{\hat{\lambda}(-k)\hat{\lambda}(k)}{|k|}e^{-ik(x_{i}-x_{j})}dk$ (49)
$6^{0}( \beta)=\inf\sigma(h_{eff}^{0}(\beta)) , \epsilon^{V}(\beta)=\inf\sigma(H_{eff}^{V}\varphi))$ (50)
$\epsilon^{V}=\epsilon^{V}(\{1, \ldots , N\}) , \Xi^{V}=\min\{8^{V}(\beta)+\epsilon^{0}(\beta^{c})\beta\subsetneq\{1, \ldots , N\}\}$ (51)
(5)
$\tilde{H}^{V}=T(K)H^{\nabla}T(\kappa)^{-1}=\sum_{j=1}^{N}\{\Omega_{j}(p_{j}-\frac{\alpha}{K}A_{j})+V(x_{j})-e_{ren,j}\}+K^{2}H_{f}+V_{eff}$ (52)
$e_{rcn,j}= \frac{\alpha^{2}}{2}|||k|^{-1\int 2}\hat{\lambda}||^{2}$ (53)
$E^{0},$ $E^{V}$ $\epsilon^{0},$ $\epsilon^{V}$
4. $\beta\subset\{1,2, \ldots, N\}$






$E^{V} \leq\epsilon^{V}+\mathcal{G}(\alpha\int K)-\sum_{j=1}^{N}e_{ren,j}$ (55)
$\mathcal{G}(t)=\sum_{j=1}^{N}t|||k|^{-1}\hat{\lambda}||\{(\sqrt{2}m_{j}+t||\hat{\lambda}_{j}||)+\sqrt{2}(c^{v}|\epsilon^{V}|+d^{V})\rangle$ (56)
$c^{V},$ $d^{V}$ $\Vert\sum_{j=J}^{N}\Omega_{j}\Psi\Vert\leq c^{V}||h_{cff}^{V}\Psi||+d^{V}||\Psi||$
Proof. $\nu$ $||(h_{cff}^{V}-\epsilon^{V})v||\leq\epsilon$ $\Psi=v\otimes\Omega$
$E^{V} \leq\langle\Psi,\overline{H}^{V}\Psi\rangle\leq\epsilon^{v}+\epsilon+\langle\Psi, \sum_{j=1}^{N}(\Delta\Omega_{j}-e_{rcn,j})\Psi\rangle$ (57)
$\Delta\Omega_{j}=T(K)\Omega_{j}T(K)^{*}$
$|\langle\Psi, \Delta\Omega_{j}\Psi\rangle|\leq|\langle(T(K)-1)\Psi, \Omega_{j}T(K)\Psi\rangle+\langle\Psi, \Omega_{j}(T(K)-1)\Psi\rangle|$
$\leq\frac{K}{\alpha}||\pi_{j}\Psi\Vert\cdot||\Omega_{j}T(K)\Psi||+\frac{K}{\alpha}||\pi_{j}\Psi||\cdot\Vert\Omega_{j}\Psi\Vert$
$\leq\frac{\alpha}{\sqrt{2}K}|\Vert k|^{-1}\hat{\lambda}||(\langle\Psi, (p_{j}+\alpha A_{j}/K)^{2}\Psi\rangle^{1/2}+\langle\Psi,p_{j}^{2}\Psi\rangle^{1/2})$ (58)
$c^{V},$ $d^{V}$ (55) $\square$
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3. $\alpha$ $\epsilon^{V}<\Xi^{V}$ $h_{eff}^{V}$












$\mathcal{U}h_{eff}^{0}\mathcal{U}^{-1}=\Omega_{I}(p_{1}-\sum_{j=2}^{N}p_{j})+\sum_{j=2}^{N}\Omega_{j}(p_{j})+\sum_{j\mathscr{Q}}\alpha^{2}W_{1j}(x_{j})+\sum_{2\leq i<j\leq N}\alpha^{2}W_{ij}(x_{i}-x_{j})$ , (60)
$\mathcal{U}h_{eff}^{V}\mathcal{U}^{-1}=h_{eff}^{0}+V(x_{1})+\sum_{j=2}^{N}V(x_{1}+x_{j})$ . (61)
$Uh_{eff}^{0} \mathcal{U}^{-1}=\int_{\mathbb{R}^{d}}^{\oplus}k(P)dP$, (62)




7. $P\in \mathbb{R}^{3}$ $\alpha_{2}(P)>0$ $\inf\sigma(k(P))\in\sigma_{disc}(k(P))$
$|\alpha|>\alpha_{2}(P)$
6
8. $|\alpha|>\alpha_{2}(P^{*})$ $u_{(\chi}$ $k(P^{*})$
$\alphaarrow\infty$ $|u_{\alpha}(x_{2}, \ldots, x_{N})|^{2}arrow\delta(x_{2})\cdots\delta(x_{N})$
Proof. $\epsilon>0$
$\lim_{\gammaarrow\infty}\int_{|X|>\epsilon}|u_{\alpha}(X)|^{2}dX=0$ (64)
$X=(x_{2}, \ldots, x_{N})$ (64) $f\in$
$C_{0}^{\infty}(\mathbb{R}^{d(N-1)})$
$\lim_{\alphaarrow\infty}\int_{\mathbb{R}^{d(N-1)}}f(X)|u_{\alpha}(X)|^{2}dX=f(0)$ (65)
$k(O)$ $\alpha$ $k_{\alpha}(O)$ $k_{\alpha}(O)/\alpha^{2}\geq$
$\sum_{i<j}W_{ij}(O)$ $\lim_{\alphaarrow\infty}\inf\sigma(k_{\alpha}(O))/\alpha^{2}=\sum_{i<j}$ j(o)
$\sum_{i<j}W_{ij}(0)=\lim_{\alphaarrow 0}\alpha^{-2}(u_{\alpha},k_{\alpha}(0)u_{\alpha})$
$\geq\lim_{\alphaarrow}\inf_{\infty}(u_{\alpha}, (\sum_{j\geq 2}W_{1j}(x_{j})+\sum_{2\leq i<j\leq N}W_{ij}(x_{i}-x_{j}))u_{\alpha})\geq\sum_{i<j}W_{ij}(0)$
(66)






Proof. 6 $\alpha$ $\epsilon^{V}>\epsilon^{0}$
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1 (c) $v\in C_{0}^{\infty}(\mathbb{R}^{d})$
$(v, (\sqrt{-\Delta}+NV)v)<0$ . (70)
$\Psi$ $\Psi(x_{1}, \cdots,x_{N})=v(x_{1})_{\mathcal{U}_{(\}’}}(x_{2}, \cdots, x_{N})$
(69)
$\epsilon^{VV-1\sqrt{-\Delta}}\leq(\Psi,\mathcal{U}h_{eff}\mathcal{U}\Psi)\leq(v, (+V)v)+6^{0}+(\Psi, \sum_{j=2}^{N}V(x_{1}+x_{j})\Psi)$ . (71)
$u_{\alpha}$ $V_{j_{smcared}}^{\alpha}()= \int_{\mathbb{R}^{d(N-1)}}V(x_{i}+x_{1})|u_{\alpha}(X)|^{2}dX$
8
$\lim_{\alphaarrow\infty}(\Psi, V(x_{j}+x_{1})\Psi)=\lim_{parrow\infty}(v, V_{j,smeared}^{(f}v)=(v, Vv)$ (72)
(70), (71)
$\epsilon^{V}\leq(v, (\sqrt{-\Delta}+NV)v)+\epsilon^{0}<\epsilon^{0}$ (73)
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